Conductance of a quantum wire: Landauer's approach versus Kubo formula by Safi, Ines
ar
X
iv
:c
on
d-
m
at
/9
70
10
27
v2
  [
co
nd
-m
at.
str
-el
]  
9 S
ep
 19
97
Conductance of a quantum wire: Landauer’s approach versus Kubo formula
Ine`s Safi
Service de Physique de l’Etat Condense´, Centre d’Etudes de Saclay
91191 Gif–sur–Yvette, France
(received 22 December 96)
The transport in a pure one-dimensional quantum wire is
investigated for any range of interactions. First, the wire is
connected to measuring leads. The transmission of an inci-
dent electron is found to be perfect, and the conductance is
not renormalized by the interactions. Either Landauer’s ap-
proach or Kubo formula can be used as long as the reservoirs
impose the boundary conditions. Second, the Kubo formula
as a response to the local field is reconsidered in a generic
Luttinger liquid: the “intrinsic” conductance thus obtained is
determined by the same combination of interaction parame-
ters as that which renormalizes the current.
72.10.–d, 73.40.Jn, 74.80.Fp
Any reliable study of a system of electrons should con-
sider their interactions. This challenging obstacle has
been successfully crossed in one dimension, giving rise
to the so called Tomonaga–Luttinger liquid (TLL).1 The
latter is characterized by collective modes propagat-
ing with different spin and charge velocities.1 In earlier
works, the restriction to one dimension was viewed as
a step towards understanding the physics of quasi-one-
dimensional or higher dimensional systems. In particu-
lar, the conductance of a one-dimensional ballistic wire
was computed as a formal quantity, and found to be
renormalized by the interactions:2,3
g =
2e2
h
K, (1)
where K depends on the microscopic model, and K = 1
in the absence of interactions. Recently, it has become
possible to fabricate ballistic quantum wires4 but the pre-
diction (1) has not yet been observed. One has to recon-
sider the theory by taking the physical reality of these
new systems into account, particularly the way the con-
ductance is measured. A step was made towards this aim
by connecting an interacting wire to perfect noninteract-
ing one-dimensional leads:5,6 those are intended to simu-
late the propagating mode through the two-dimensional
Fermi gas where the quantum wire opens. The role of
the reservoirs is accounted for by the flux they inject,
in the spirit of Landauer’s approach7. In the presence
of short range interactions, an incident flux is perfectly
transmitted.5 According to Landauer-Bu¨ttiker’s formula
relating the conductance to the transmission7,8 (extended
rigorously to the interacting wire5), the conductance of
the wire is
g =
2e2
h
. (2)
The purpose of this paper is twofold. First, we general-
ize the above result to long-range interactions by restrict-
ing screening to the interactions between electrons in the
wire and those in the leads. The second part is a discus-
sion of recent works where the result (2) is derived with-
out reference to the measuring leads, either by following
Landauer’s spirit9,10 or using the Kubo formula.11–13 Us-
ing the latter, we will show in a straightforward way that
the conductance of a wire without reservoirs is actually
given by
g′ =
2e2
h
√
uK
vF
, (3)
where u denotes charge velocity. One can see that Eq. (3)
identifies with Eq. (2) only in the case where uK = vF ,
i.e., when the current is not renormalized by the interac-
tions. Equation (3) is more attractive than Eq.(1) since
it is independent on the interactions for systems with
full (Galilean) translational invariance. Besides, contrary
to Eq.(1), it conciliates the conductance of an isolated
wire with its sensitivity to boundary conditions expressed
through the charge stiffness uK.14 This same combina-
tion will give the conductance if we adopt the hypothesis
of Ref. 9.
A common useful tool to discuss those issues is the
equation of motion. One can ignore spin, which can be
accounted for by a factor 2 in Eq.(2) because the trans-
port is determined by the charge degrees of freedom.
Consider a general interaction Hamiltonian:
Hint =
∫
dxdyU(x, y)ρtot(x)ρtot(y).
The density ρtot has both a long wavelength part ρ and
a 2kF component.
1 The Hamiltonian can be cast in the
quadratic form
H =
∫
pidx
2uK
[
j2 + u2ρ2
]
+
∫ ∫
U(x, y)ρ(x)ρ(y), (4)
provided U varies smoothly on the scale pi/kF and∫
dyU(x, y)(x − y)n cos(2kF y) = Fn(x) converges for
any n.15 Then u(x) and K(x) are renormalized from
their noninteracting value (vF , 1) by the backscattering
process15 u(x)/K(x) = vF + F2(x). But uK = vF is
not renormalized contrary to Refs. 1,16 and 17. Nev-
ertheless, we keep uK, since it can be renormalized by
other irrelevant processes such as the umklapp process
or electron-phonon coupling, etc.... If U is short range,
it can be absorbed in u/K, but could also affect uK if
1
interactions between electrons with the same or different
velocities are distinguished. j and ρ can be expressed in
term of the density for right and left moving electrons
ρ+,− where ρ = ρ+ + ρ− and j = uK(ρ+ − ρ−). They
obey the commutation rule [j(x), ρ(y)] = iδ′(x−y), where
δ is the Dirac function, thus
1
uK
∂tj + ∂x
(
∂H
∂ρ
)
= 0. (5)
Using the expression of H in Eq.(4) one gets:
∂tj(x, t)
uK
+ ∂x
[
u
K
ρ(x, t) +
∫
dyU(x, y)ρ(y, t)
]
= 0 (6)
Finally, using the continuity equation, one can express
this equation in term of j or ρ alone.
Before considering the effect of the external leads, let
us recall briefly the conductivity of an infinite wire with
long range interactions, U(x, y) = 1/ |x− y|. The diver-
gence at short separation is usually cutoff by a confine-
ment length l. An external field forms a source term on
the right–hand–side of Eq. (6) which gives a straightfor-
ward way to recover the conductivity. The conductance
decreases with the wire length L,
g ∼ 1/
√
log(L/l) (7)
up to some constants.16,15 Suppose that the wire is now
perfectly connected to noninteracting leads whose elec-
trons do not interact with those in the wire. For in-
stance, U(x, y) = f(x)f(y)/ |x− y|, with f decreasing
smoothly to zero on the leads. Consider a right-going
flux with density ρ+ injected by the left reservoir in the
left lead. Choosing an arbitrary point x0 on the lat-
ter and the time the flux reaches x0 as the initial time,
we have 〈ρ(x, t = 0)〉 = 〈j(x, t = 0)〉 /vF = ρ+δ(x − x0).
The stationary limit of Eq.(6) once Fourier transformed,
yields the uniformity of
u
K
ρ(x, ω = 0) +
∫
dyU(x, y)ρ(y, ω = 0) = vF ρ+ (8)
The second term on the left hand side vanishes in the non-
interacting leads, thus the density is the same on both
leads and is equal to ρ+. Thus the transmission of an
incident flux is perfect, as a consequence of the current
uniformity. It has to be emphasized that no constraint on
the wire length L is needed, apart from the fact that the
dc limit means ωL≪ 1. Note that the zero mode corre-
sponding to the number of electrons operates in Eq. (8):
the system can exchange electrons with the reservoirs.
We now consider the conductance. A first alternative
is to continue with Landauer’s approach, but this deals
mainly with noninteracting systems.7 The transmission
is a function of the energy that has to be conserved dur-
ing traversal. This is clearly not the case in our inter-
acting wire. Nevertheless, it helps us to know that the
transmission is perfect. Each reservoir injects electrons
at energies up to its electrochemical potential, giving a
current
j+,− =
2e
h
∫
dEfL,R(E), (9)
where R or L denote the right or left reservoir. The
cancelation between density and velocity in the one di-
mensional leads is used to get Eq. (9). Of course, in
a stationary regime, the electrons are continuously in-
jected. Since the transmission is perfect, the net current
is
j = j+ − j− =
2e
h
(µR − µL) =
2e2
h
(VR − VL) . (10)
This result holds at any finite temperature much less than
µR and µL. Thus the conductance is given by Eq.(2) and
is independent from interactions. The derivation of this
result supposes implicitly that µR,L can be imposed in-
dependently on the current, and that the electrostatic
potential VR,L (or more precisely Vloc discussed later)
varies as µR,L varies. In general, V and µ are different:
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V shifts the bottom band, and its variation generates an
electric field. µ controls the filling, and its variation gen-
erates the analogue of a diffusive force that would act
even if the electrons had no charge. V and µ follow each
other wherever charge neutrality is ensured, and this is
generally the case in “good” reservoirs.7,8 That is why
we can also get a microscopic derivation of Landauer’s
formula5. The reservoirs can be modeled by the elec-
trostatic potential VR, VL they impose instead of the flux
they inject. The latter are determined by µR, µL [Eq.(9)],
but the stationary current in the presence of an electric
field depends also on VR − VL = µR − µL. The same
Green’s function associated with Eq. (6) determines the
time evolution for either a source term (the electric field)
or an initial condition (the injected flux).18 Then a dy-
namic relation between transport and transmission can
also be derived.5 If another model is considered by in-
cluding interactions in the leads with parameters u1,K1
different from vF , 1, such a relation has an additional
factor u1K1. On the other hand, Eq. (10) contains now
the same prefactor due to the renormalization of the cur-
rent in the leads. Thus both the microscopic and the
phenomenological argument give the same conductance
u1K1/vF . But one has to suppose implicitly that the
electrons injected by the reservoirs in interacting leads
are not reflected back. This is not usually required: only
a nonreflective absorption by the reservoirs is important.
Thus a better description of the interface is needed if one
considers interacting leads.
Let us now discuss other related works. A similar con-
cept to the one we used following Landauer’s spirit5 was
exploited in Ref. 9, but without including leads. This
amounts to take u1 = u, K1 = K, thus the conduc-
tance is now u1K1/vF = uK/vF , generalizing Ref. 9 to
the case where the current is renormalized by the inter-
actions. As discussed shortly before, this supposes the
2
electrons are injected immediately in the wire without
reflections. If one injects a right-going flux inside a wire
with short-range interactions, the fraction (1 − K)/2 is
immediately reflected.15 The leads are often introduced
because it would be difficult to define and to find the
transmission directly between real reservoirs.
Other works claimed to recover Eq. (2) without using
leads. In Refs. 10,19, the potential for right- and left–
going electrons was introduced as the conjugate variable
to their density
µ+,− =
∂H
∂ρ+,−
, (11)
thus µ+ − µ− = j using Eq. (4). It is not clear why
these nominal potentials should coincide with those in
the reservoirs that would have to accommodate the in-
teractions in the wire. In Ref. 10, it was invoked that this
must be so for the stationary state to be stable. Nev-
ertheless, the right (left) –going electrons through the
structure are not only those coming from the left (right)
reservoir, but also those generated by the reflections on
the wire. It is not even granted that they have any de-
fined chemical potential or an equilibrium distribution.
One has to prove the perfect transmission through the
pure TLL for the potential of the right– or left–going
carriers to coincide with these of the reservoirs. It was
shown before5 that the change in interactions does not
cause reflections. Another series of works11,13 also recov-
ered the result (2) without reference to the leads or to
the reservoirs, but by computing the response to the local
electrostatic potential Vloc. In the second part we give
our contribution to this problem, first on the technical
level, than on the conceptual one.
It was emphasized in Ref. 20 that the Kubo formula has
to be used with respect to the local potential verifying:
∆Vloc = ∆V + ρ, where V is the external potential and
∆ is the Laplacian in the three–dimensional space. If the
wire is isolated, the integration of this equation gives
exactly a kernel formed by the long-range interactions:
Vloc(r) = V (r) +
∫
ρ(y)/ |r − y|, where the integral is
restricted to the wire. In general, there are reservoirs and
metallic gates around, so that one has to solve an overall
electrostatic problem. Note that this would enlighten us
on the partially screened interactions U(x, y) in Eq. (4).
A general way to express the local potential is then
Vloc(x) =
∂Hint
∂ρ(x)
, (12)
where Hint is the interaction Hamiltonian, including ex-
ternal charges
∫
ρV . It is easy to see that
∂Hint
∂ρ
=
∂H
∂ρ
− vF ρ, (13)
where the second term comes from the functional deriva-
tive of the kinetic Hamiltonian. By the way, this expres-
sion shows the difference between the electrostatic poten-
tial (12) and the electrochemical potential (11) taken as
an average of µ+ and µ−:
µ =
µ+ + µ−
2
=
∂H
∂ρ
= Vloc + vF ρ,
This illustrates the fact that µ and Vloc deviate wherever
charge neutrality is broken. Let us now compute the
response to Vloc. Comparing the equations (13) and (5),
we see immediately that the latter is equivalent to
ω2
uK
j + vF∂xxj = −iωEloc, (14)
where we used the continuity equation to eliminate the
density. This is an analogue to the equation of response
to the external field in a system with short–range inter-
actions parametrized by u′,K ′:
ω2
u′K ′
j +
u′
K ′
∂xxj = −iωE (15)
Comparing Eq. (14) with Eq. (15), one gets
K ′ =
√
uK
vF
=
u′
vF
. (16)
This derivation used the long-wavelength part of the den-
sity, which can be expressed through a boson field Φ:
ρ = −∂xΦ. Indeed, one can retrace the same steps by
using the total density ρtot both in the definition of the
local potential (12) and in the interaction Hamiltonian
kept in its initial form. Then Eq. (14) acquires an addi-
tional term: Vloc sin 2(Φ− kFx). This adds nonlinear de-
pendence of the conductance on Vloc(2kF ) (even though
this point needs more care). Thus the linear response
to Eloc in the presence of interactions with any range
is given by the external response of a wire with short-
range interactions parametrized by u′,K ′. Note that the
backscattering process would affect K ′ if it was not ac-
counted for in the definition of the local potential, Eq.
(12).15
Consider first the case where the product uK is uniform
all over the system, which is, for instance, the case in
a homogeneous wire. Then, Eq. (14) becomes a simple
wave equation whose solution yields
j(x, ω) = K ′
∫
dyeiω|x−y|/u
′
Eloc(y, ω). (17)
It is worth inferring the frequency-dependent conduc-
tivity in response to the local field iωσ′(ω) = u′K ′ =
uK. Thus in the particular case of short-range inter-
actions, the Drude peak height is not modified by the
self-consistency of the potential. In order to find the
conductance, we take the zero-frequency21 limit of Eq.
(17):
j = g′
∫
Eloc(y) = g
′ [Vloc(−∞)− Vloc(+∞)]
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with g′ = (2e2/h)K ′ [Eq. (3)] once the charge and
Planck’s constant are restored. In a Galilean invariant
system, uK = vF ,
1 g′ thus does not depend on the
interactions.11,13 In general, this is not true in the con-
tinuum limit of lattice systems. We can get the dominant
effect of irrelevant umklapp process22 or electron-phonon
interactions by injecting the renormalized charge stiffness
found respectively in Ref. 23 or Ref. 24 in Eq. (3). In
the latter case, we can go beyond the results of Ref. 25.
In the same way, one gets the effect on the conductance
uK/vF obtained if one adopts the hypothesis of Ref. 9.
If uK is not uniform over the wire, one has to solve a
wave equation (14) with space-dependent parameters to
find the response to Eloc. In the geometry with leads,
this again yields a conductance g′ = 2e2/h determined
by K ′ = 1 of the leads. The stationary current de-
pends only on the asymptotic values of the potential that
are not affected by the interactions absent on the leads:
Vloc(±∞) = V (±∞). Note that this holds also in the
presence of impurities. But the alternative response is
modified if self-consistency is taken into account. It is
trivial if uK = vF in the wire: Eq. (17) corresponds to
the ac response of a noninteracting system.
Let us now discuss some conceptual problems. In Ref.
13, it is argued that the dissipation is determined by
the local field. This is sensible, but the experiments usu-
ally do not have access to the dissipative conductance. It
would be possible to impose the current then measure the
potential drop near the wire. This would yield an infinite
conductance of the pure wire.7 Indeed, Apel and Rice2
suggested a similar four-probe measurement for the TLL
(which turns out to be not well defined due to a forgot-
ten term in the potential drop15). Even in a multi-probe
measurement, the possible invasive effect of a local poten-
tial probe leads to use the potential values imposed by the
reservoirs8 that determine alone the linear dc response.
One has to worry about the self-consistent field in two
cases: the nonlinear regime or the ac transport.7,8,26 In
a TLL, Eq. (6) with the electric field E as a source term
shows that the current is exactly linear in E.5,27 The
nonlinearity appears if one considers the 2kF momentum
component, coupling between plasmons1 or backscatter-
ing by impurities.9 Concerning the ac regime, our analy-
sis yields the dynamic conductivity as a response to the
local field. Nevertheless, the ac response is more sensitive
to experimental setup details and to capacitive effects,26
and a more realistic model is required.
To summarize, we connect an interacting quantum
wire to noninteracting leads in order to simulate the role
of the reservoirs. The interactions can be of any range
but have to be screened between the leads and the wire
and to conserve momentum. The linear dc conductance
does not depend on the interactions g = 2e2/h. We can
either adopt Landauer’s spirit (the reservoirs inject elec-
trons that turn out to be perfectly transmitted) or we
can include in the Hamiltonian the effect of an exter-
nal electrostatic potential whose asymptotic values are
again imposed by the reservoirs. In both alternatives,
one does not have to know the field distribution through
the structure, only the boundary conditions imposed by
the reservoirs play a role. If case those are not fixed, the
response to the local electrostatic potential is considered
for general interactions. This yields a dc conductance g′
that depends on the charge stiffness, thus restricting the
validity of the universal value 2e2/h claimed in recent
works to the situation where the current is not renormal-
ized.
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